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This paper investigates the positive solutions for the singular coupled integral
boundary value problem of nonlinear higher-order fractional q-diﬀerence equations.
By applying a mixed monotone method and Guo-Krasnoselskii ﬁxed point theorem,
suﬃcient conditions for the existence and uniqueness results of the problem are
established. An interesting example is presented to illustrate the main results.
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1 Introduction
Due to the intensive development of the theory of fractional calculus itself and its varied
applications in many ﬁelds of science and engineering, the fractional diﬀerential equation
has gained considerable popularity and importance for the last several decades. In fact,
we can ﬁnd numerous applications in physics, chemistry, aerodynamics, ﬁtting of exper-
imental data, control of dynamical systems, and signal and image processing, and so on.
Therefore, there have been some papers dealing with the existence and multiplicity of so-
lutions or positive solutions for boundary value problems involving nonlinear fractional
diﬀerential equations; see [–] and references cited therein.
At the same time, we notice that boundary value problems for a coupled system of non-
linear fractional diﬀerential equations have been addressed by several researchers. For
instance, for some results for the existence of solutions or positive solutions for a cou-
pled system of nonlinear fractional diﬀerential equations, we refer the readers to [–]
and references therein. Relying on the nonlinear alternative of Leray-Schauder type and
Krasnoselskii’s ﬁxed point theorems, Yuan [] studied the multiple positive solutions to
the (n–,n)-type integral boundary value problems for systems of nonlinear semipositone
fractional diﬀerential equations. Under diﬀerent conditions, Yuan et al. [] and Jiang et al.
[] considered the positive solutions to the four-point coupled boundary value problems
for systems of nonlinear semipositone fractional diﬀerential equations, respectively.Wang
et al. [] investigated the existence and uniqueness of positive solution of a (n–,n)-type
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fractional diﬀerential system with coupled integral boundary conditions. Henderson and
Luca [] proved the existence of positive solutions for a system of nonlinear Riemann-
Liouville fractional diﬀerential equations with coupled integral boundary conditions and
a parameter.
Research on q-diﬀerence calculus or quantum calculus dates back to the beginning of
the th century, when Jackson [, ] introduced the ﬁrst deﬁnition of the q-diﬀerence.
Then Al-Salam [] and Agarwal [] proposed the fractional q-diﬀerence calculus. Later,
the theory of fractional q-diﬀerence calculus itself and nonlinear fractional q-diﬀerence
equation boundary value problems have been extensively studied by many authors. For
some recent developments on fractional q-diﬀerence calculus and boundary value prob-
lems of fractional q-diﬀerence equations, see [–] and the references therein. For ex-
ample, by applying the generalized Banach contraction principle, the monotone iterative
method, and Krasnoselskii’s ﬁxed point theorem Zhao et al. [] showed some existence
results of positive solutions to nonlocal q-integral boundary value problem of nonlinear
fractional q-derivatives equation. Under diﬀerent conditions, Graef and Kong [, ] in-
vestigated the existence of positive solutions for boundary value problems with fractional
q-derivatives in terms of diﬀerent ranges of λ, respectively. By applying some standard
ﬁxed point theorems, Agarwal et al. [] and Ahmad et al. [] showed some existence re-
sults for sequential q-fractional integrodiﬀerential equations with q-antiperiodic bound-
ary conditions and nonlocal four-point boundary conditions, respectively.









= , t ∈ [, ],α ∈ (, ],
u() = (Dqu)() = , (Dqu)() = β ≥ ,
where Dαq is the q-derivative of Riemann-Liouville type of order α. By applying a ﬁxed
point theorem in cones, suﬃcient conditions for the existence of positive solutions were
enunciated.









= , t ∈ [, ],α ∈ (, ],
u() = (Dqu)() = , u() = μ
∫ 

u(s)dqs,  < μ < [α]q.
By using the ﬁxed point index theorem, suﬃcient conditions for the existence of at least
two and at least three positive solutions were obtained.
In [], Ahmad et al. studied the following nonlocal boundary value problems of non-







, t ∈ [, ],α ∈ (, ],
au() – b(Dqu)() = cu(η), au() + b(Dqu)() = cu(η),
where cDαq denotes the Caputo fractional q-derivative of order α, and ai,bi, ci,ηi ∈ R (i =
, ). The existence of solutions for the problem was shown by applying some well-known
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tools of ﬁxed point theory such as Banach contraction principle, the Krasnoselskii ﬁxed
point theorem, and the Leray-Schauder nonlinear alternative.














, t ∈ [, ],α,β ∈ (, ],
au() – b(Dqu)() = cu(η), au() + b(Dqu)() = cu(η),
au() – b(Dqu)() = cu(η), au() + b(Dqu)() = cu(η),
where cDαq and cDαq denote the Caputo fractional q-derivative of order α and β , respec-
tively. The uniqueness and existence of a solution were obtained based on the nonlinear
alternative of Leray-Schauder type and Banach’s ﬁxed point theorem.
In [], the author considered the following coupled integral boundary value problem
































where λ, μ, ν are three parameters with  < μ < [β]q and  < ν < [α]q, α,β ∈ (n – ,n]
are two real numbers and n ≥ , Dαq , Dβq are the fractional q-derivative of the Riemann-
Liouville type, and f , g are sign-changing continuous functions. By applying the nonlin-
ear alternative of Leray-Schauder type and Krasnoselskii’s ﬁxed point theorems, suﬃcient
conditions for the existence of one or a multiple of positive solutions were obtained.
To the best of our knowledge, there are few papers which deal with the positive solutions
for systems of nonlinear fractional q-diﬀerence equations. Motivated by the wide applica-
tions of coupled boundary value problems and the results mentioned above, we consider

















= , t ∈ (, ), (.)

















where μi > , αi ∈ (ni – ,ni] with  ≤ ni ∈ N, Dαi is the Riemann-Liouville type frac-
tional q-derivative of fractional order αi, i = , ; f : (, )× [,∞)× (,∞)→ [,∞) and
f : (, ) × (,∞) × [,∞) → [,∞) are two continuous functions, and f(t,x, y) may be
singular at t = ,  and y = , where f(t,x, y) may be singular at t = ,  and x = .
The organization of the rest is as follows. In Section , we present some preliminaries
and lemmas that will be used to prove our main results. We obtain the corresponding
Green’s function and some of its properties. In Section , by applying a mixed mono-
tone method and the Guo-Krasnoselskii ﬁxed point theorem, we obtain the existence and
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uniqueness results of the singular coupled boundary value problem (.) and (.). Fur-
thermore, an example is given to illustrate our main results in Section .
2 Preliminaries
For the convenience of the reader, we present some necessary deﬁnitions and lemmas
of fractional q-calculus theory to facilitate analysis of the semipositone boundary value
problem (.). These details can be found in the recent literature; see [] and references
therein.
Let q ∈ (, ) and deﬁne
[a]q =
qa – 
q –  , a ∈R.
The q-analog of the power (a – b)n with n ∈N = {, , , . . .} is






, n ∈N,a,b ∈R.
More generally, if α ∈R, then




a – bqα+n .
Note that, if b =  then a(α) = aα . Here we point out that the following equality holds:





The q-gamma function is deﬁned by
q(x) = ( – q)(x–)( – q)–x, x ∈R \ {,–,–, . . .}
and satisﬁes q(x + ) = [x]qq(x).
The q-derivative of a function f is here deﬁned by
(Dqf )(x) =
f (x) – f (qx)
( – q)x , (Dqf )() = limx→(Dqf )(x),
























qn, x ∈ [,b].
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The fundamental theorem of calculus applies to these operators Iq and Dq, i.e.,
(DqIqf )(x) = f (x),
and if f is continuous at x = , then
(IqDqf )(x) = f (x) – f ().
Basic properties of the two operators can be found in [].We now point out ﬁve formulas










(Dqf )(s)g(qs)dqs (q-integration by parts),
[
a(t – s)
](α) = aα(t – s)(α), tDq(t – s)(α) = [α]q(t – s)(α–),










xDqf (x, t)dqt + f (qx,x).
Note that if α >  and a≤ b≤ t, then (t – a)(α) ≥ (t – b)(α) [].
Deﬁnition . ([]) Let α ≥  and f be function deﬁned on [, ]. The fractional q-








(x – qt)(α–)f (t)dqt, α > ,x ∈ [, ].
Deﬁnition . ([]) The fractional q-derivative of the Riemann-Liouville type of order








(x), α > ,
wherem is the smallest integer greater than or equal to α.








(x), α > ,
wherem is the smallest integer greater than or equal to α.
Lemma . ([]) Let α,β ≥  and f be a function deﬁned on [, ]. Then the following
formulas hold:
() (Iβq Iαq f )(x) = I
α+β
q f (x),
() (Dαq Iαq f )(x) = f (x).
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Now we derive the corresponding Green’s function for boundary value problem (.),
and obtain some properties of the Green’s function. For the sake of simplicity, we always
assume that the following condition (H) holds.







sα–g(s)dqs,  –μμνν > .


















































g(τ )G(τ , s)dqτ ,
(.)

















tαi–( – s)(αi–) – (t – s)(αi–), ≤ s≤ t ≤ ,
tαi–( – s)(αi–), ≤ t ≤ s≤ , i = , . (.)






















From (.) and Lemma ., we can reduce (.) to the following equivalent integral equa-
tions:
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From Djqu() =Djqv() = , ≤ j≤ n – , we have cin = ci(n–) = · · · = ci =  (i = , ). Thus,
(.) reduces to













Using the boundary conditions u() = μ
∫ 







































Multiplying both sides of the ﬁrst and second equations of (.) by g(t) and g(t), respec-











































































































g(τ )G(τ ,qs)dqτ dqs
)
.

























































This completes the proof of the lemma. 
Lemma . The function Gi(t, s) deﬁned by (.) has the following properties:
(I) Gi(t, s) is continuous function on (t, s) ∈ [, ]× [, ] and Gi(t,qs) > , for
t, s ∈ (, );
(II) qαi–ψi(t)ϕi(qs)≤ q(αi)Gi(t, s)≤ [αi – ]qϕi(qs), for t, s ∈ [, ];
(III) qαi–ψi(t)ϕi(qs)≤ q(αi)Gi(t, s)≤ [αi – ]qψi(t), for t, s ∈ [, ],
where ψi(t) = tαi–( – t) and ϕi(s) = ( – s)(αi–)s.
Proof The continuity of Gi is easily checked. For ≤ qs≤ t ≤ , we have
q(αi)Gi(t,qs) = tαi–( – qs)(αi–) – (t – qs)(αi–)




≤ [αi – ]qtαi–( – qs)(αi–)
[
(t – tqs) – (t – qs)
]
= [αi – ]qtα–( – qs)(αi–)( – t)qs≤ [αi – ]q( – qs)(αi–)( – qs)qs
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= [αi – ]q( – qs)(αi–)qs = [αi – ]qϕi(qs)
and
q(αi)Gi(t,qs)
= tαi–( – qs)(αi–) – (t – qs)(αi–)








≥ tαi–( – qs)(αi–)[(t – tqαi–s) – (t – qαi–s)] = qαi–tαi–( – t)( – qs)(αi–)s
≥ qαi–tαi–( – t)( – qs)(αi–)( – qαi–s)qs = qαi–i(t)ϕi(qs).
For ≤ t ≤ qs≤ , one veriﬁes that
q(αi)Gi(t,qs) = tαi–( – qs)(αi–) = tαi–( – qs)αi–t
≤ [αi – ]q( – qs)q–qs = [αi – ]qϕi(qs)
and
q(αi)Gi(t,qs) = tαi–( – qs)(αi–) ≥ qαi–tαi–( – t)( – qs)(αi–)qs = qαi–ψi(t)ϕi(qs).
Next, we prove the right side of (III). For ≤ qs≤ t ≤ , we can state that
q(αi)Gi(t,qs) ≤ [αi – ]qtα–( – qs)(αi–)( – t)qs
≤ [αi – ]qtα–( – t)t = [αi – ]qψi(t).
For α ∈ (n,n + ] with ≤ n ∈N, we have (a – b)(α) ≤ (a – b)(n). In fact, according to the
deﬁnitions of (a – b)(α) and (a – b)(n), we get





= ( – s)( – sq) · · · ( – sq
k) · · · ( – sqn–)( – sqn)( – sqn+) · · ·
( – sqα)( – sqα+) · · · ( – sqα+k–)( – sqα+k) · · ·
≤ ( – s)( – sq) · · · ( – sq
k) · · · ( – sqn–)( – sqn)( – sqn+) · · ·
( – sqn)( – sqn+) · · · ( – sqn+k–)( – sqn+k) · · ·






= ( – s)(n).
For ≤ t ≤ qs≤ , from the above inequality and αi ∈ (ni – ,ni], we have






≤ tαi–( – sq)≤ [αi – ]qtαi–( – sq)
≤ [αi – ]qtα–( – t) = [αi – ]qψi(t).
This completes the proof of the lemma. 
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Lemma . The functions Ki(t, s) and Hi(t, s) (i = , ) deﬁned by (.) and (.) satisfy the
following conditions:
(a) Ki(t, s) and Hi(t, s) are continuous functions on (t, s) ∈ [, ]× [, ] and Ki(t,qs)≥ 
and Hi(t,qs)≥  for (t, s) ∈ [, ]× [, ], i = , ;
(b) tαi–ϕi(qs)≤ Ki(t,qs)≤ ρϕi(qs), Ki(t,qs)≤ ρtαi–,
tα–ϕ(qs)≤H(t,qs)≤ ρϕ(qs), tα–ϕ(qs)≤H(t,qs)≤ ρϕ(qs), and
Hi(t,qs)≤ ρtαi– for (t, s) ∈ [, ]× [, ], i = , , where ϕ, ϕ are deﬁned as

























































Proof The continuity of Ki and Hi (i = , ) is easily checked. According to the property
(II) of Lemma . and (.), we have


























g(τ )ψ(τ )dqτ tα–ϕ(qs) = tα–ϕ(qs),




























≤ [α – ]q
q(α)
(






















































g(τ )dqτϕ(qs) = ρϕ(qs).






g(τ )ψ(τ )dqτ tα–ϕ(qs) = tα–ϕ(qs),
K(t,qs)≤ [α – ]q
q(α)
(











g(τ )ψ(τ )dqτ tα–ϕ(qs) = tα–ϕ(qs),




g(τ )dqτϕ(qs) = ρϕ(qs).
On the other hand, according to the property (III) of Lemma . and (.), we obtain















[α – ]qtα–( – t)
q(α)
dqτ












= [α – ]q
q(α)
(



















[α – ]qtα–( – t)
q(α)
dqτ
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g(τ )dqτ tα– = ρtα–.
Similarly, from the property (III) of Lemma . and (.), we get
K(t,qs)≤ [α – ]q
q(α)
(










g(τ )dqτ tα– = ρtα–.
This completes the proof of the lemma. 
Remark . From Lemmas ., for t, τ , s ∈ [, ], we have
K(t,qs)≥ ωtα–H(τ ,qs), K(t,qs)≥ ωtα–H(τ ,qs),
H(t,qs)≥ ωtα–K(τ ,qs), H(t,qs)≥ ωtα–K(τ ,qs),
Ki(t,qs)≥ ωtαi–Ki(τ ,qs), Hi(t,qs)≥ ωtαi–Hi(τ ,qs), i = , ,
where ω = /ρ , , ρ are deﬁned as Lemma .,  < ω < .
In order to obtain the main results in this paper, we will use the following cone com-
pression and expansion ﬁxed point theorem.
Lemma . ([]) Let X be a Banach space, and let P ⊂ X be a cone in X. Assume , 
are open subsets of X with  ∈  ⊂  ⊂ , and let S : P → P be a completely continuous
operator such that either
(a) ‖Sw‖ ≤ ‖w‖, w ∈ P ∩ ∂, ‖Sw‖ ≥ ‖w‖, w ∈ P ∩ ∂, or
(b) ‖Sw‖ ≥ ‖w‖, w ∈ P ∩ ∂, ‖Sw‖ ≤ ‖w‖, w ∈ P ∩ ∂.
Then S has a ﬁxed point in P ∩ (\).
3 Main results
In this section, let X = C[, ]×C[, ], then X is a Banach space with the norm
∥∥(u, v)
∥∥ = max
{‖u‖,‖v‖}, ‖u‖ = max
t∈[,]
∣∣u(t)







(u, v) ∈ X : u(t)≥ ωtα–∥∥(u, v)∥∥, v(t)≥ ωtα–∥∥(u, v)∥∥, t ∈ [, ]},
where ω is deﬁned as Remark .. It is easy to see that P is a positive cone in X. It can easily
be seen that P is a cone in X. For any real constants r and R with  < r < R, deﬁne
Pr =
{
(u, v) ∈ P : ∥∥(u, v)∥∥ < r}, P[r,R] =
{
(u, v) ∈ P : r ≤ ∥∥(u, v)∥∥ ≤ R}.
In what follows, we ﬁrst list the following assumptions for convenience.
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(A) f : (, )× [,∞)× (,∞)→ [,∞) is continuous, f(t,u, v) is nondecreasing in u
and nonincreasing in v, and there exist two constants θ,ϑ ∈ [, ) such that
κθ f(t,u, v)≤ f(t,κu, v),
f(t,u,κv)≤ κ–ϑ f(t,u, v), ∀u, v > ,κ ∈ (, );
(.)
f : (, )× (,∞)× [,∞)→ [,∞) is continuous, f(t,u, v) is nonincreasing in u
and nondecreasing in v, and there exist two constants θ,ϑ ∈ [, ) such that
κθ f(t,u, v)≤ f(t,u,κv),
f(t,κu, v)≤ κ–ϑ f(t,u, v), ∀u, v > ,κ ∈ (, ).
(.)
















where ϕ and ϕ are deﬁned as Lemma ..















































Remark . The inequalities (.) and (.) imply that
f(t,κu, v)≤ κθ f(t,u, v), f(t,u, v)≤ κϑ f(t,u,κv), ∀u, v > ,κ ∈ (, ); (.)
f(t,u,κv)≤ κθ f(t,u, v), f(t,u, v)≤ κϑ f(t,κu, v), ∀u, v > ,κ ∈ (, ), (.)
respectively. Conversely, we have (.) and (.) and (.) and (.), respectively.
From the above assumptions (A) and (A), for any (u, v) ∈ P \ {(, )}, we deﬁne an





, t ∈ [, ],















dqs, t ∈ [, ],















dqs, t ∈ [, ].
Obviously, (u, v) is a positive solutions of the coupled boundary value problem (.) and
(.) if and only if (u, v) is a ﬁxed point of T in P \ {(, )}.
Lemma . Assume that (H), (A) and (A) hold. For any  < r < r < +∞, T : P[r,r] → P
is a completely continuous operator.





∥ ≤ u(t)≤ ∥∥(u, v)∥∥, ωtα–∥∥(u, v)∥∥ ≤ v(t)≤ ∥∥(u, v)∥∥, t ∈ [, ]. (.)








∥∥) ≤ κθ f
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Together with the continuity ofKi(t, s) andHi(t, s) (i = , ), it is easy to see thatTi ∈ C[, ].
Therefore, T : P \ {(, )} → P is well deﬁned.











































































































In the same way, we can prove that
T(u, v)(t)≥ ωtα–
∥∥T(u, v)







Therefore, we have T(P[r,r]) ⊆ T(P). According to the Ascoli-Arzela theorem, we eas-
ily see that T : P[r,r] → P is completely continuous. This completes the proof of the
lemma. 
Theorem . Assume that (H), (A) and (A) hold. Then the coupled boundary value
problem (.) and (.) has at least one positive solution (u∗, v∗), and there exists a real
number  < l <  satisfying
ltα– ≤ u∗(t)≤ l–tα–, ltα– ≤ v∗(t)≤ l–tα–, t ∈ [, ].
Proof First, we show that the coupled boundary value problem (.) and (.) has at least
one positive solution.
Choose r and R such that
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For any (u, v) ∈ ∂Kr , we have
rωtα– ≤ u(t)≤ r, rωtα– ≤ v(t)≤ r, t ∈ [, ].


























































∥, t ∈ [c,  – c].
This guarantees that
∥∥T(u, v)
∥∥ ≥ ∥∥(u, v)∥∥, ∀(u, v) ∈ ∂Pr . (.)
On the other hand, for any (u, v) ∈ ∂PR, we have
Rωtα– ≤ u(t)≤ R, Rωtα– ≤ v(t)≤ R, t ∈ [, ].













































































≤ R = ∥∥(u, v)∥∥.
In the same way, we have T(u, v)(t)≤ R = ‖(u, v)‖, for all (u, v) ∈ ∂PR. So we have
∥∥T(u, v)
∥∥ ≤ ∥∥(u, v)∥∥, ∀(u, v) ∈ ∂PR. (.)
By the complete continuity of T , (.) and (.), and Lemma ., we ﬁnd that T has a ﬁxed
point (u∗, v∗) ∈ P[r,R]. Consequently, the coupled boundary value problem (.) and (.)
has a positive solution (u∗, v∗) ∈ P[r,R].
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Next, we show there exists a real number  < l <  satisfying
ltα– ≤ u∗(t)≤ l–tα–, ltα– ≤ v∗(t)≤ l–tα–, t ∈ [, ].
From Lemma ., we know (u∗, v∗) ∈ P \ {(, )}. So, we have
ωtα–
∥∥(u∗, v∗
)∥∥ ≤ u∗(t)≤ ∥∥(u∗, v∗)∥∥,
ωtα–
∥∥(u∗, v∗
)∥∥ ≤ v∗(t)≤ ∥∥(u∗, v∗)∥∥, t ∈ [, ].
























































































































































ltα– ≤ u∗(t)≤ l–tα–, ltα– ≤ v∗(t)≤ l–tα–, t ∈ [, ].
This completes the proof of Theorem .. 
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Theorem . Assume that (H), (A) and (A) hold. Furthermore, assume θ + ϑ <  and
θ + ϑ < . Then the coupled boundary value problem (.) and (.) has a unique positive
solution on [, ].
Proof Assume that the coupled boundary value problem (.) and (.) has two diﬀerent
positive solutions (u, v) and (u, v). By Theorem ., there exist  < l <  and  < l < 
such that
ltα– ≤ u(t)≤ l– tα–, ltα– ≤ v(t)≤ l– tα–, t ∈ [, ],
ltα– ≤ u(t)≤ l– tα–, ltα– ≤ v(t)≤ l– tα–, t ∈ [, ].
(.)
Thus, from (.), we have
llu(t)≤ u(t)≤ (ll)–u(t), llv(t)≤ v(t)≤ (ll)–v(t), t ∈ [, ].
Obviously, one has ll = . Put
L = sup
{
l : lu(t)≤ u(t)≤ l–u(t), lv(t)≤ v(t)≤ l–v(t), t ∈ [, ]
}
.
It is easy to see that  < ll ≤ L < , and
Lu(t)≤ u(t)≤ L–u(t), Lv(t)≤ v(t)≤ L–v(t), t ∈ [, ]. (.)
































































From (.), for t ∈ [, ], we have






























= LσT(u, v)(t) = u(t), (.)
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= LσT(u, v)(t) = v(t).
Similarly, from (.), for t ∈ [, ], we have































= LσT(u, v)(t) = u(t),































= LσT(u, v)(t) = v(t).
(.)




)–u(t), Lσ v(t)≤ v(t)≤
(
Lσ
)–v(t), t ∈ [, ].
Noticing that  < L,σ < , we get to a contradiction with the maximality of L. Thus, the
coupled boundary value problem (.) and (.) has a unique positive solution (u∗, v∗). This
completes the proof of Theorem .. 
4 An example
In this section, we give an example to illustrate the usefulness of our main results.
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Obviously, we have q = ., α = α = ., μ = /, μ = /, g(t) = t, and g(t) = /
√
t. By














s dqs≈ .,  –μμνν ≈ . > .










It is easy to see that f : (, )× [,∞)× (,∞)→ [,∞) is continuous, f(t,u, v) is nonde-
creasing in u and nonincreasing in v, f : (, )× (,∞)× [,∞) → [,∞) is continuous,
f(t,u, v) is nonincreasing in u and nondecreasing in v. Take
θ =

 , ϑ =

 , θ =

 , ϑ =

 .








































dqs≈ . < +∞,
the condition (A) is also satisﬁed. Therefore, by Theorem ., we see that the coupled
boundary value problem (.) has at least one positive solution (u∗, v∗). Furthermore,













By Theorem ., we see that (u∗, v∗) is the unique positive solution of the coupled bound-
ary value problem (.).
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